A Bound Quantum Particle in a Riemann-Cartan space with Topological Defects and 

Planar Potential 



S.A. Ali^ C. Cafaro^ S. Capozziellol', Ch. Cordat 
''Department of Physics, University at Alhany-SUNY, 
1400 Washington Avenue, Albany, NY, 12222, USA 
" Dipartimento di Scienze Fisiche, Universita di Napoli "Federico U" and INFN Sez. di Napoli, 
Compl. Univ. Monte S. Angelo, Ed.N, Via Cinthia, 1-80126 Napoli, Italy 
^ INFN Sez. di Pisa and Universita di Pisa, Via F. Buonarroti 2, 1-56127 Pisa, Italy. 

Starting from a continuum theory of defects, that is the analogous to three-dimensional Einstein- 
Cartan-Sciama-Kibble gravity, we consider a charged particle with spin i propagating in a uniform 
magnetic field coincident with a wedge dispiration of finite extent. We assume the particle is bound 
in the vicinity of the dispiration by long range attractive (harmonic) and short range (inverse 
. . . square) repulsive potentials. Moreover, we consider the effects of spin-torsion and spin-magnetic 

\ field interactions. Exact expressions for the energy eigenfunctions and eigenvalues are determined. 

, The limit, in which the defect region becomes singular, is considered and comparison with the 

»' ' electromagnetic Aharonov-Bohm effect is made. 
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O ■ I- INTRODUCTION 

(N 

The investigation of quantum mechanical systems with non-trivial boundary conditions is an active field of research. 
A fertile ground for such systems is provided by particles moving in a background space with nonvanishing (positive or 
, negative) curvature and/or non-trivial topology. By non-trivial topology we mean multiply connected spaces. Indeed, 
' the prototype representing the case of non-trivial topology is the well known electromagnetic Aharonov-Bohm (AB) 
' \ effect [l|. In the context of the electromagnetic AB effect, the effect of topology manifests as the phase factor in 
the wavefunction of an electron moving around a magnetic flux line. The gravitational analogue of this effect has 
(— I \ been investigated in 0, H, 0] ■ We are going to investigate a space with topological defects characterized by vanishing 
• • ■ Riemann-Christoffel curvature and torsion [5] everywhere except on the defects. Such defects arise in gauge theories 
. !^ ' with spontaneous symmetry breaking and may have played some significant role in the formation of large scale 
: cosmological structure. Some examples in cosmology are domain walls [fl], cosmic strings 0, 0| E^nd monopoles 
Analogues of such defects in condensed matter physics include vortices in superfluids and superconductors 9] , domain 
walls in magnetic materials, dislocations in solids and disclinations in liquid crystals or two-dimensional graphite [2| ■ 
Quantum effects on particles moving in a crystalline media with topological defects have been a subject of investi- 



gation since the early 1950's [llj. In the geometric approach of Katanaev and Volovich [fj], the theory of defects in 



tneory c 

solids is translated into the language of three-dimensional Einstein-Cartan-Sciama-Kibble gravity [H, [ij] but it could 
be extended considering more general forms of torsion ^15j . This formalism corresponds to viewing the continuous 
limit of a crystalline solid in which the defect configuration is characterized by a non-trivial metric describing a static 
three-space. In this way, elastic deformations introduced in the medium by defects are incorporated into the metric 
manifold. The boundary conditions required by the presence of such defects are accounted for by the associated 
non-Euclidean metric. In the continuum limit, that is, for distances much larger than the Bravais lattice spacing, 
the theory describes a non-Riemannian manifold where curvature and torsion are associated with disclinations and 
dislocations in the medium, respectively. 

In the case of solid crystals, a topological defect can be thought as consisting of a core region characterized by 
the absence of regular lattice order and an ordered (undistorted) far-field region p^ . Although in the continuum 
approximation in which we work the core region is usually shrunk to a singularity, we choose to relax this condition 
by smearing the singularity over a finite region. By virtue of having a finite defect region, we consider the effects of 
spin-torsion and spin-magnetic field interactions on the system. 

In this work, we study a charged spin-i particle moving in the space of a defect comprised of a combined screw 
dislocation and a wedge disclination. Such a combined defect is called a wedge dispiration, a defect possessing 
nonvanishing local curvature and torsion. A homogeneous, finite magnetic field, concentric with the wedge dispiration 
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line, is included. As a working hypothesis, we assume the particle is bound in the vicinity of the wedge dispiration 
by a planar potential given by a long range attractive (harmonic) and short range (inverse square) repulsive terms. 

The paper is organized as follows: In Section II, we introduce the topological defect. In Section III, we consider 
a simple finite defect distribution describing a non-singular dispiration. In Section IV, the corresponding time- 
independent Schrodinger equation is taken into account. In Section V, exact expressions for the energy eigenfunctions 
of the particle moving both inside and outside the defect core of the medium are obtained. Boundary conditions 
on the surface of the defect region are implemented in order to get the wavefunction defined over the whole space. 
The energy spectrum is determined and we consider the limit in which the defect region is shrunk to a null size. 
Conclusions are drawn in Section VI. 



II. THE MAGNETIC WEDGE DISPIRATION 

In the framework of traditional elasticity theory, a Cartesian reference frame is attached to the undistorted 
medium of an elastic solid with Euclidean metric 5 ah- The deformation of the medium is described locally in terms 
of a continuous displacement function u{x). In this way, after a deformation has occurred, the point a;* will have 
coordinates j/* {x) — + {x) . The initial metric Sab is transformed into [13, [3 



9i3 := 



Sab, i, j = 1, 2, 3. 



dy'- dy^ 

We consider a topological defect in three dimensions whose geometry is characterized by the spatial line element [l 



(1) 



gijdx^dx-' — dp + k p dip + {dz + rdip) 



(2) 



where {p, (p, z) are cylindrical coordinates, with p > 0, < < 2-k, —oo < z < oo, k, t G M. The parameter k is 
related to the Frank vector Cl 19] of the disclination (describing curvature, i.e. the angular deficit in the manifold) 
while r is related to the Burgers' vector b [l3, of the dislocation (describing torsion). The three dimensional 
geometry of the medium is therefore characterized by nonvanishing torsion and curvature. When k ^ and r = we 
have a wedge disclination; when k = and t we have a screw dislocation. The metric tensor gij and its inverse 

9'^ = {9^j)~^ are given by ^ 



9i3 = 



K^p^ + 
r 



,9'' = 



1 

- 
— 1 





r 

k'^p'-^ 

- 1^.. 



(3) 



The line element (2) describes an infinitely long linear wedge dispiration oriented along the z-axis. We introduce the 
dual (1-form) basis vectors — e^^dx^ which describe the background (2), with coframe components [l3| 



-d^ = i!)P = dp, -d^ = d'^ = Kpdifi and = = + Tdifi. 



(4) 



The metric g''^ and triad components e'^ are related via e'^a^\^°'^ — 5*"'; where the triads satisfy e°'^e\ — 5^. In a 
Riemannian geometry without torsion, the Ricci i?^ and Riemann curvature tensor R\jf^ are given by Q 

-rtij - 9 tiaibj - Okl ,j - OjL -I- i fe„ - i jfci j„ 



and 



ijk 



-pi yrm 
ini jk 



-pi -pm 
jm ik ' 



respectively. The Christoffel symbols Tkij appearing in (5) or (6) are defined by Q 

1 



kij 



{dk9ij + di9jk - djgki 



(5) 
(6) 

(7) 



where dk d/dx^. The nonvanishing components of the Christoffel symbols in the space with metric (3) are [15 



VP 



TP 



1^ Pi ptp — ^ ifp 



(8) 
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By contrast, a non-Riemannian geometry is one that is characterized by nonvanishing curvature and torsion. The 
torsion tensor T^ab is defined by 



The Ricci scalar is given by [l6|, l2l| 



^^-=5,e'^-a,e'^+^te';-^^X■ (9) 



i?i%, = i?\ = i?% = 2W'L^U2(p), (10) 



where k = 1 + 0/27r and 5^ {p) is a two-dimensional Dirac J-function. This (5-function revels the conic singularity in 
the curvature given in (10). The dispiration characterized by (2) can be thought as arising from a "cut and paste" 
process, known as the Volterra process [20]. From the perspective of the Volterra process, the disclination is generated 
by removing (k < 1) or inserting (k > 1) a wedge of material with deficit angle (/) = 27r (k — 1). For < k < 1 the 
disclination carries positive curvature while for 1 < k < oo it carries negative curvature. The only non-vanishing 
component of torsion 2-form T'^ — T'^^-dx^ A dx^ is given by [H, [HI 

= 2tttS^ (p) dp A dip. (11) 

It is clear that the space described by metric (3) features two conical singularities at the origin as seen in (10) and 
(11). The Burger vector can be viewed as a flux of torsion and the Frank vector as a flux of curvature. The Burger 
vector is calculated by integrating around a closed path C encircling the dislocation [TtI . [18| 

= jj^ ^ j^dphd^T\^^2TTT, (12) 

implying that 27rT is the flux intensity of the torsion source passing through a closed loop C in the Cz-direction. Thus, 
the parameter r is the modulus of the Burger vector. In a similar manner, the Frank vector is determined by p^ . [Tsj 
:= Ujk^-'^ei, with 

^''^11 dpAdfR'\=2J^—^\ (13) 



where e^jfe is the Levi-Civita symbol (ei23 — 1), f^^^ = — fi^^ and S" is a surface perpendicular to the defect line, 
implying the flux of curvature is the surface density of the Frank vector held. 



III. FINITE DEFECT DISTRIBUTION 



To avoid the singular nature of (10) and (11), we choose a simple exactly solvable model of finite torsion and 
curvature. In the former case, we choose a torsion field with a homogeneous flux distribution within the dislocation 
region. In particular, we choose a torsion field specified by 

= (p, f) = r'e (i?e - p) dp A d^, (14) 

where Rc denotes the radius of the defect core, r' = and st = ±1 denotes the handedness of the screw, where 
(st = —1) indicates a left handed screw in which a clockwise rotation of = 27rK' (k' is defined in Eq.(17)) relative 
to the (-f ) a;-axis induces a shift in the (— ) z-direction; similarly, {st = +1) describes a right handed screw in which 
a counter-clockwise rotation oi — 2ttk' relative to the (-I-) a::-axis induces a shift in the (+) z-direction. In (14), O 
denotes the Heaviside theta function 

In the case of non-singular curvature, we consider a disclination characterized by the deficit angle 
Under — > transformation, the angular deficit k = 1 + 0/27r transforms into 

^'^1 + UrIQ {Rc - P) - I = ^ + tt-^' (17) 

2^ " ^ " \ nout = 1 for p > ^ ^ 
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By the change of variables p —>■ p, where 



/5< = ^ for p < i?c 
p> = p for p > 



the metric describing the non-singular wedge dispiration is given by [16l | 

dl^ — gijdx^dx-' = dtp^ + n'^'fP'dip^ + {dz + t' dip) 



(18) 



(19) 



Observe that distributions (14) and (17) are chosen such that the total torsion and curvature flux within the dispiration 
region are equivalent to initial values 2-kt and 2-k {^—^^ respectively. Furthermore, we assume the particle is moving 
in the electromagnetic vector potential A (jj) 22\ 



Bn 



2t:k' p 



(20) 



where Bq is the total magnetic flux. Vector potential (20) gives rise to a uniform magnetic field B within the dispirated 
region. 



IV. THE SCHRODINGER EQUATION 



We study the non-relativistic quantum dynamics of a charged spin-i particle propagating in a space with finite 
dispiration defect (19) in presence of a uniform magnetic field B = V x A and planar potential 



V{P) 



hiuY^ (Re -p) + 



(21) 



where / is a real, dimensionless constant characterizing the medium being probed. Observe that the harmonic potential 
does not extend beyond the medium (i?m) being considered, where Rm » Re and Rm is the linear dimension of the 
medium. Furthermore, following [2^, the spin-torsion interaction term — 1(? • f is considered, where a = ^jr^s, es 
denotes the spin direction, p — is the Bohr magneton and is the gyromagnetic ratio of the electron. Finally, 



the time-independent Schrodinger equation becomes, 

+ a • (S - if ) + y (p) ] ^ (p, ip, z) = (p, ip, z) 



(22) 



The wavefunction satisfying (22) has periodicity 'ip{p, ip, z) = rjj{p, (^ + 27rK', z) rather than the usual situation 
■0 (p, ip, z) = ip (p, ip + 27r, z) in flat space. The Laplace-Beltrami operator A is defined by 



A := 



V9 V' 



'-A, 



f^A'^^(v-A + A-V 
cic V 



(23) 



where ic is the imaginary unit, c is the speed of light, q is the charge of the electron and g — det \gij \ is the determinant 
of the metric. The Laplacian in the space (2) is given by 



1 d 



p dp \ dp J ' K'2p2 \d(p 
The divergence appearing in (23) is computed according to 

y-A=-—{-pAp) + —[ — 
p op k'p \0(p 



d 



1 



d , d 
dz 



dz^ 



dA, 
dz 



(24) 



(25) 



and is vanishing since V • A 
as 



_ _d_ 



T 



d 



dz J 2tik,' p 

Bo 



5= = 0. With the aid of (24) and (25), operator (23) can be written 



C? \2'KHi'p 



i?2 



e (i?c - p) + e (p - Rc 



(26) 



'^S0(^e-p) + e(p-i?.)UA-5^e(i?.-p)A, 



27rcK'p ic \B? 



d(p nR^ 



dz 
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In the space (2), the curl is given by 
V X A = 



+- 



1 / a 
1 



k'p \d^p dz J ^ dz 



—A - —A- 
dp ^ dz 



For the vector potential given in (20), the magnetic field is computed with the aid of (27), the result being 

Bo 



B 



k'-kRI 

where Bq is the total magnetic flux over the dispirated region with radius R^. 



(27) 



(28) 



V. ENERGY EIGENFUNCTION AND EIGENVALUES 



The explicit time-independent Schrodinger equation for the system being considered reads 



^A— -i—A ■ V 
2M ' ' 2M V c2 cic 



B 



1 



T 



+ V{-p) \^ = E^P, 



In (29) we have made the replacement 



a - [B- if ) = ^pg^ [ SB 



B 



1 

ST 77 



T 



1 qhge ( Bp 1 in / n -\ 



(29) 



(30) 



since both B and T are oriented along e^, where ss = ±1 describes the orientation of the electron magnetic moment 
relative to B, either (+) parallel or (— ) antiparallel. In the region p < Rc, G {Rc — p) = 1 and 6 (p — Rc) = 

resulting in the Schrodinger equation 



2M 



1 

'2M 



P< dp< dp< ) ^ ^ 'i^^U^ \a<f dz J 

qBp \^ 2 I ichqBo ( _a_ _ ^id_\ 
2ncKf^R^ y dip dz J 

-r^iJe yi<B ST 8 J 2Mc 2Mp^ 2 

In the region p > Rc, G {Rc — p) =0 and G (p — Rc) = 1 yielding 



(31) 



2M 



1 

'2M 



+ 



/ gBoA 1 
27rc J ^ 



ichqBo 1 _a_ 
27rc ^ 



(32) 



In order to determine the eigenfunctions, the solutions to (41) and (42) must be matched at the boundary according 
to 



V'" (p) \p=R^ = V°"* (P) \p=R. and ^V'" (P) lp=fle = ^V'°"* (P) 1,=/ 



(33) 



Since we consider a scenario in which the particle is bound in the medium, we require the wavefunctions satisfy the 
normalization condition 



Jo Jo J-( 



f^Rc /'27r />oo pRtji /'27r />oo 

\tpin\^ pdpdipdz + / / / \ipout\^ pdpdcpdz = 1. 

J Rc Jo J-OO 



(34) 
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A. The Internal Core Solution 



Equation (31) can be rewritten as 



(35) 



where Q = S = |- 

^ 27rnc ' he 



Bg 



* Ki„7r7?2 ^ St 8 J, ^0 — -p- 

we assume a solution of the form -0'" (p, z) = Z(z)x'" (p, </?), with Z(2;) = g^ck^z^ Moreover, since the cylindrical 
configuration being considered possesses azimuthal symmetry, we assume X™ (P) = with $ (y) = 

giciv. Thus, (35) reduces to 



1 6^ 



£o = ■ Since the space (2) possesses e^-translational symmetry, 



I - T'k, 



■ 7^- (p) = o. 



(36) 



where 



( Q V 



^f^, A?j = ^' R^K^^^ + So — k'^ — Qe^- The solution to (36) that is regular at p = is given 
in terms of confluent hypergeometric functions F, 



7e-(p)=Ap^exp^ 2 
where Ai are appropriate expansion coefficients and A = ^ ( '"k.!^^ ") + / 



2 - Oe A A? ^ , ^ 9 



(37) 



B. The External Solution 



In the region Rc < p we have 



1 d r d 



1 f d 



p dp \ dp J dz^ p"^ \d(p 



fi2 



(38) 



Once again using a solution of the form ■0°"* (p, ip, z) = Z{z)^ {ip) 7e°"* (p), with Z(^) = e'<^*='^ and $ ((^) = e'^'"^ we 
obtain 



(39) 



P'dp^ + Pj-p+ ^outP' - - [{1 + Q) +f\\ (P) = 0, 
with e^^t = - A;2, = The solution to (39) that is regular at p = is given by 



7^-' (p)=exp(-^ 



i3zp''F(i + f-^, l + i/;xp^ 
+Cip-'^F {l----^^,l-y-^ 



(40) 



where Bi and C; are expansion coefficients and v = \J {I + Q)^ + /• Coefficients Ai, Bi and C; are connected via the 
boundary matching conditions (33). 



C. Boundary Matching Conditions 

From the continuity of the wavefunction ijj™ (p) |p=ij^ = V'°"* (p) \p=Rc we obtain 

Ai = (BiR'-^M,^ X + 



(41) 



where 



To implement the second boundary condition in (33) we make use of the formula 

dF (a, b; z) a 



dz b 

1 d 



F{a + l,b+l; z). 



We compute the logarithmic derivative 11™ := P -j^d^^^ (p) \p=Rci result being 

n'" = AiRc {XR-^ - TRc + 2TRcTx) , 

where 



Tx :-- 



2^ + i_^Ffl + ^ + |- ^,l + l + A;Ti?2 



2 4T 



1 + A 



+ 1 + A; TRl) 



In computing (44) we made use of the relation 



Prom the logarithmic derivative of the external radial function, we obtain 

n°"* = R^Bi {vR-^ - xR^ + 2KReU^) + R^d {-i^R'^ - >cR^ + 2>cR^U-^) , 

where 

+ I _ ^ F (l + i + I - ^, 1 + 1 + I.; xii^) 



1 + ^ F(i + |-|^,l + z.;xi?2) 

From (44) and (47) wo obtain 

Ai (A - TRl + 2TRlTx) =Bi{y- xRl + 2kRIU^) + Ci {-v - xR^ + 2xRlU-^) . 
Eliminating the coefficient Ai by substituting (41) in (49), the matching condition reduces to 

A . _\ Bi{iyR-^-xRl + 2xRlU,)+Ci{-u-xRl + 2xRlU_,) 



TRt 



TRl 



l + 2Tx 



BiR^-^M^^ X exp 



2 



(T-x) +ai?-("+^)M_,,Aexp ^{T-x) 



Equation (50) can be put into the form 



where 



>(i) .. 
^1/, X ■- 



Substituting (51) into (41) we obtain 



—u — 


xRl + 2xRlU_ 


V - exp 


2 


(T-x) 


R-^-+^^M_^^x{X- 


- TRl + 2TRlTx) 


exp 


f (T-x) 




"^M,, X 


(A- 


- Ti?2 + 2TRlTx) - {uRc^ - 


xRl+2xRlU^) 
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where 



>(2) 



A - TRl + 2T RlTx 



With the aid of (53), (51) can be rewritten as 



(54) 



(55) 



Conditions (53) and (55) determines the wavefunction up to a normahzation constant. In particular, the wavefunction 
becomes 



(56) 



exp 



s.v(2) 



2^ ^ ^ - ^ 1 + A; Tp^ ) for p < i?eorc (in) 



The asymptotic expansion of the confluent hypergeometric function is given by 



for p > i?coro (out). 



F (a, c; x) ~ l^l"'" e^f^(°-=)^el=^l'''" + bP" e'c'^(— 

r (a) r (c — a) 



(57) 



If a; = = 1^1 " real, positive), then ip — n/2 and both terms in (57) are approximately equally large and should 

be taken into account. Provided x is real, positive (</? = 0), the first term is considered only. When x is real, negative 
{(fi = tt) the second term on the right hand side of (57) is used [13 ■ The radial function (37) is ensured to be vanishing 
at the origin p = by expanding (37) according to (57) and choosing 



■ + / ^ = where rt G Z 

Kin / 4T 



(58) 



which corresponds to the pole in the second term of (57). From (58) the energy eigenvalues in the defect region can 
be written as 



Ell 



2h 



1/2 



' 2Mc 







1 




( SB 


B 




f 



I - T'k, 
2 Kin 



/ 2-ffe 

4 4 



2M ' 



(59) 



where ujb qBQ/iTKiaRcMc — q B /Mc is the Larmor frequency of the electron and we made use of T 
V (^^) + Similarly, demanding (40) be vanishing as p — > oo requires that we choose 



(60) 



in the expansion of the confluent hypergeometric function whose coefficient is Bi . From (60) the energy eigenvalues 
external to the defect region can be written as 



i + QY . / , i] , ^ 

4 2 2M ' 



(61) 



D. The Limit Rc ^ 



In order to facilitate a comparison between our results and the Aharonov-Bohm type scenario, we consider the limit 
in which the defect region is shrunk to zero, that is Rc — > 0. In this limit, the dispiration along with the internal 
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magnetic field is shrunk to an infinitesimal line along the z-axis. In this case the spin-magnetic and spin-torsion 
interaction vanishes, is given by (11), R by (10) and V{p) = ^ -|- J^^i . The corresponding Schrodinger 
equation reads 



1 _9. I I 

p dp dp'' dz'^ 



+ ^ (-^-T-^Y 1 qBp ( d d\ 

K^p^ \ dip dz J ic 2tFKck^p^ y d(p dz J 



+ 



qBo 



+ 



> ip = Eip. 



(62) 



With a solution of form -ip {p, cp, z) = Z{z)^ {(p) TZ (p) where Z(z) = e**^*^^^ and $ (<^) = e^'^'-'^ , equation (62) is 
transformed into 



dp"^ ^ dp 



{I - rk,Y 



+ f 



1 

+ — 



+ V+A>' ^7e(p) = 0, (63) 



with = - k and = ^^j^. The solution to (63) that is regular at p = is given by 



where 



n{p) = p'^exp ( ^ + 1 - ^' 1 + V 



In order that (64) be vanishing as /9 ^ oo, we require 



(64) 



11 (l + Q-Tkz\\, A' 

2 + 2V ^ ) "'^-^^ = -" 



(65) 



which leads to 



2/t 



4 2 2M 



(66) 



Finally, the eigenfunction associated to the Aharonov-Bohm type scenario associated with the magnetic wedge dispi- 
ration reads 



(p, ^, z) = Aie'-^'-^e'^'^p'^ exp (-^) F (-n, 1 + /x; xp^) 



(67) 



where Ai is a normalization constant. We observe the modification of the angular momentum I ^ V = 

(l + Q — Tkz) I interpreted as an extension of the Aharonov-Bohm effect accounting for the influence of the magnetic 
flux Q (via the vector potential A) and the topological defect (via the curvature k and torsion r parameters). 



VI. FINAL REMARKS 



In this paper, we obtained exact expressions for the eigenvalues and cigcnfunctions of a charged particle with 
magnetic moment bound in the vicinity of a magnetic wedge dispiration by a short range repulsive and long range 
attractive potentials. The screw dislocation modified the angular momentum by introducing an additive correction 
in a similar manner as the magnetic flux. The disclination introduced a multiplicative modification to the angular 
momentum, the appearance of which is understood as a consequence of the modified periodicity of the wavefunction 
in the space of the wedge dispiration around the 2;-axis. Furthermore, due to the finite size of the defect we were able 
to account for the effects of spin-torsion and spin-magnetic field interactions. The handedness of the screw dislocation 
simulates the north/south pole of the magnetic field, increasing(decreasing) the binding energy of the particle in the 
core region for left(right) handed screws. In the limit where the defect region is shrunk to zero radius, the angular 
momentum is modified so as to depend not only on the magnetic flux, but also on the screw dislocation and wedge 
disclination parameters. Being that the defects characterized by parameters k and r are singular at the defect line and 
vanishing elsewhere in the limit — > 0, the appearance of global phenomena represented by the change in angular 
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momentum is interpreted as a manifestation of the topological features of the space rather than the local geometry 
induced by the defect. 
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